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Abstrakt 

 Navrhuje se teorie zhrubnutí, která postihuje jak rozměrové, tak i tvarové změny částic s 
konstantní mezifázovou energií. Teorie popisuje časový vývoj středního objemu jehlicovitých 
precipitátů. Odchylky od zákona krychlového zhrubnutí klasické teorie LSW jsou predikovány s 
počátečními rychlostmi zhrubnutí, které jsou výrazně vyšší ve srovnání s rychlostmi pro sférické 
částice. Vzhledem k současnému zhrubnutí tvaru se původně jehlicovité precipitáty postupně přibližují 
sférickému (kulovitému) tvaru a tím i příslušným nižším rychlostem zhrubnutí. Teorie může být 
jednoduše rozšířena i na precipitáty ve tvaru disku. 

 

 

Abstract 

 A coarsening theory is proposed which incorporates both size and shape changes for particles 
having a constant interfacial energy. The theory describes time evolution of the mean volume of 
needle-shaped precipitates. Deviations from the cubic coarsening law of the classical LSW theory are 
predicted with initial coarsening rates being significantly larger compared to those of spherical 
particles. Because of simultaneous shape coarsening the initially needle-like precipitates approach 
gradually the spherical shape and the associated lower coarsening rates. The theory can be simply 
extended to disc-shaped precipitates. 

 

 

Introduction 

 In a two-phase precipitate-matrix system after a first-order phase transformation, a large 
amount of interfacial area can be present which increases the total free energy of the system. In order to 



lower the free energy, diffuse fluxes between the precipitates occur which result in a dissolution of 
small precipitates and the growth of large ones. As a result, the mean particle size increases while the 
number of particles decreases. This process, originally discovered at the beginning of this century by 
W. Ostwald, is called coarsening or Ostwald ripening. According to Gibbs-Thomson equation, the 
driving force for the coarsening process is related to the curvature of the interface. The higher the 
curvature of the precipitate-matrix interface, the higher the driving force for atoms to flow from regions 
of high curvature to regions of low curvature. Thus, the coarsening kinetics is generally controlled by 
volume diffusion through the matrix. 

 The first attempt to describe the Ostwald ripening quantitatively was proposed by Greenwood 
in 1956 [1]. A generally accepted coarsening theory was proposed in 1961 by Lifshitz and Slyozov [2] 
and Wagner [3], now simply known as LSW theory. Considering the limiting case of zero volume 
fraction of spherical precipitates with the mean radius and a particle size distribution (PSD) function 
obeying the equation of continuity, the LSW theory predicts a cubic coarsening law 

   .    (1) 
 

 

where  is the initial mean particle radius before the coarsening process, K is the coarsening rate 
constant and t is time. The cubic coarsening law (1) is derived from the Gibbs-Thomson equation and 
the Fick's law by assuming a small degree of supersaturation and constant coarsening rate K [1]. The 
assumption of constant coarsening rate requires constant temperature and interfacial energy per unit 
surface during coarsening. Based on the above-mentioned assumptions, the LSW theory predicts the 
coarsening kinetics, i.e. the mean particle size and the PSD function. In spite that a cubic coarsening 
law is frequently observed in experimental studies, the details of the predictions by the LSW theory are 
usually in disagreement with experimental results. 

 Consequently, numerous attempts have been made to propose improved theories by 
considering finite volume fractions of the second phase [4-12] or elastic stress interactions either 
between precipitates or on the precipitate-matrix interface [13-18]. Although these modifications 
usually result in the change of the PSD shape, the coarsening kinetics of the precipitates obeys in most 
cases the cubic law; deviations from the cubic law are predicted when elastic stress interactions occur 
between particles [15]. 

 Surprisingly small attention was paid to the effect of non-spherical shape of precipitates. Due 
to the anisotropy of surface energy in many systems, the precipitates grow in a shape with lower 
symmetry than spherical [19-21]. When the coarsening starts at the end of the growth process, 
precipitates have still non-spherical morphology and thus the basic assumption of the LSW theory is 
not valid. Since the curvature along the surface of a non-spherical particle vary, volume diffusion to 
and from the surface will vary too.  For growing particle, according to the Gibbs-Thomson equation, 
the volume diffusion of atoms will be lower to the regions of high curvature and higher to the regions 
of low curvature. In addition, new diffuse fluxes occur along the particle surface and this interface 
diffusion will exist together with the volume diffusion. The volume diffusion, therefore, changes both 
the shape and the size of a non-spherical particle while interface diffusion changes only the particle 
shape.  

 A few theories of shape coarsening of an isolated plate-shaped precipitate have been 
developed [22-25]. Shiflet et al. [22] considered only volume diffusion and, in addition, a special case 
of precipitate growth by the ledge mechanism, which require coherent or semi-coherent precipitates. 
Merle and Doherty [23] developed an alternative model for interface controlled diffusion, in which the 
volume diffusion is neglected, and thus, the model describes only shape coarsening or, strictly 
speaking, only the shape changes. Zwillinger [24] analysed the coarsening of a collection of non-
spherical particles of general shape. He introduced a shape function, which described the shape of each 
particle but in the same time, the shape function was assumed to be time independent, i.e. each particle 
was constrained to remain in its original shape during coarsening. By this restriction, the model 
describes only size coarsening and, as one could expect, the coarsening kinetics obeys the cubic law. 
Recently, Marsh and Glicksman [25] proposed a more general approach to size coarsening in non-
spherical morphologies by describing time evolution of small convex interfacial patches. The patches 
were, again, constrained to have a fixed shape in time, and the model did not take into account diffuse 
fluxes along surface of the patches. However, due to the general approach, the model is applicable to 
arbitrarily curved surfaces. Thus, its results are used as starting point in the present work. 



 As experiments show, size and shape coarsening processes occur simultaneously and the 
diffuse fluxes associated with shape coarsening are often comparable in magnitude to the interparticle 
fluxes [26]. Therefore, an attempt is presented in the following to develop a simple coarsening theory 
for incoherent needle-shaped precipitates by incorporating both size and shape changes.  

  

Size coarsening  

 The needle-shaped precipitate can be mathematically modelled by a prolate symmetrical 
ellipsoid with two independent variables describing its shape, i.e. two principal axes or one of them and 
the aspect ratio. If a is the major and b the minor axis, the eccentricity ε of the prolate symmetrical 
ellipsoid is defined as 
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For each point on the ellipsoid surface, two orthogonal principal radii of curvature R1 and R2 can be 
defined (Fig.1). 

 

 

 

 
Fig.1 Small interfacial patch on a precipitate surface, the normal vector  

 
           and the two orthogonal principal radii of curvature R1 and R2 [25] 

 

 

The normal vector, perpendicular to the ellipsoid surface at the given point, is orthogonal to both radii. 
By introducing the angular variable θ (see Fig.2), the reciprocal of the local principal radii, i.e. the local principal 
curvatures  and  can be written as [27] 
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where 
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is the interfocal distance. 

 

 

 



 

 

 
Fig.2 Definition of the major half-axis a and minor half-axis b of a symmetrical ellipsoid and the angle θ 

     between the z axis and the normal vector  perpendicular to the ellipsoid surface at point P 

 

 

It is common to describe the local geometry by its aspect ratio, i.e. the ratio of the principal radii or 
curvatures 
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By using (3) and (4), the aspect ratio of an arbitrary point on the ellipsoid surface can be rewritten as 
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 Marsh and Glicksman [25], who studied coarsening of small interfacial patches, redefined the 
shape factor as 

   ,     (7) 
 

 

in order to avoid divergences, since for convex surfaces  while . They considered an isolated interfacial 
patch sufficiently small to ensure that the shape factor remains constant over the patch. According to 
their results, the coarsening kinetics of this isolated patch obeys the cubic law 
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where V is the volume of the curved wedge bounded by the patch (see Fig.1). The coarsening constant 
K in equation (8) is  
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where KS is the coarsening constant for a patch of a sphere ( s = 0 ). It is obvious that the coarsening 
rate increases as the shape of the patch varies from spherical ( s = 0 ) to cylindrical s = 1.  



 By using equation (7), the coarsening constant (9) can be expressed as a function of the aspect 
ratio  
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Assuming, that the overall coarsening constant of the ellipsoid KE is the mean value of the coarsening 
constants over the surface, we can write 
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The local coarsening constant KS depends on the interfacial energy and thus on the local degree of 
coherency. In the case of an interfacial energy, which is constant along the entire surface of the 
particle, equation (11) can be rewritten as  
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The assumption of a constant interfacial energy restricts this approach to particles with a constant 
degree of coherency along its surface, e.g. fully incoherent particles, whereas coherency changes 
during coarsening cannot be described in the above way. In case of needle-like precipitates, this would 
be consistent with the assumption that they experienced their transition from initially coherent or semi-
coherent particles to incoherent particles during growth before the coarsening stage. 

According to equation (6), the mean aspect ratio over the surface of the ellipsoid is 
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since . By using equation (2) and (13), equation (12) can be rewritten as   
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Since , needle-shaped particles coarsen always faster then particles of spherical shape.  

 By introducing the mean aspect ratio (13) and the mean coarsening constant (14), we have 
neglected the differences in local curvature that are responsible both for diffuse fluxes along the 
particle interface and for different local coarsening rates. These phenomena will lead to shape changes 
of particles, which are described in the following section. 



 

 

Shape coarsening  

 Let us consider a fully incoherent needle-shaped precipitate, which is in equilibrium with the 
matrix. In general, differences in curvature along particle surface result in diffuse fluxes of atoms along 
the surface. Thus, to calculate the shape change quantitatively, a proper description of interfacial 
diffusion is needed, which requires solving a two-dimensional diffusion problem.   

 For simplicity, shape coarsening is considered from a phenomenological point of view.  The 
shape change of the particle is driven by the difference between the surface energy of the needle-
shaped particle and the surface energy of a spherical particle of the same volume. If SE is the surface 
area of the needle-shaped precipitate represented by an ellipsoid, and SS the surface area of a sphere of 
the same volume as the ellipsoid, the driving force for shape change is  , where γ is the interfacial 
energy of the unit surface. The decrease in the surface area of the particle in time is proportional to ∆E, 
which leads to a simple differential equation 
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The unit of the constant C is m2 J-1s-1 and thus C can be interpreted as a mobility, , where D is the 
diffusion coefficient of interfacial diffusion at temperature T and k is the Boltzman constant. The 
solution of the differential equation (15) in dimensionless variables is given by 
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where 

  ,   , 
 

 

and SE0 is the initial surface area of the precipitate. According to [28], the surface of a prolate ellipsoid 
SE is   

 

 

    
 

 

and by normalising to 
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is obtained. An equation describing the shape coarsening of a needle-shaped precipitate can be derived 
from equation (16) and (17) such as 
 

 

  . (18) 
 

 

where the dimensionless time , is introduced. Equation (18) can be solved numerically for . The time 
evolution of eccentricity is shown on Fig.3 for four different values of initial . It is evident that a 
needle-shaped precipitate approaches spherical symmetry asymptotically and the time required to attain 
the spherical shape, ε=0, increases with initial eccentricity. 

 

 

 

 

Fig.3 Time evolution of eccentricity from its initial value  in dimensionless variable t*  

Size and shape coarsening 

 Since size and shape coarsening occur simultaneously, rather complicated combination of 
volume and interfacial diffuse fluxes arise around a needle-shaped precipitate. By using the above-
mentioned mathematically simple approaches, the simultaneous size and shape coarsening can be 
described at least qualitatively. The cubic coarsening law (8) can be rewritten for a needle-shaped 
precipitate by using equation (14) as 
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The constants C and γ have been included in the coarsening constant KS. The mean volume of the precipitates as a function 
of time, , is given by 
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Results of numerical integration are shown in Fig.4 for four different values of initial eccentricity . On 
this figure, the normalised volume change is plotted as a function of normalised time where  represents 
the mean precipitate volume at the beginning of coarsening. According to the cubic law (8), coarsening 
of a spherical precipitate () would be represented by a straight line with a slope equal to coarsening 
constant KS. Since non-spherical precipitates change shape during coarsening, KE is not constant in 
time and the graph of the function  is curved. For sufficiently high initial eccentricity, rapid initial 
coarsening is being predicted before the eccentricity decreases with time and the coarsening rate 
approaches that of spherical particles.  
 

 

 

 



Fig.4 The mean volume change during coarsening of a needle-shaped precipitate in dimensionless variables 

Conclusions 

 A coarsening theory has been developed which describes coarsening of needle-shaped 
precipitates. The theory incorporates two phenomena, size coarsening and shape coarsening, and thus 
consists of two parts. The first one is based on the size coarsening theory of a small interfacial patch 
developed by Marsh and Glicksman. A needle-like precipitate is geometrically represented by a 
symmetrical ellipsoid and the coarsening constant is expressed as a function of eccentricity.  

 In the second part, a simple theory of shape coarsening has been developed which attempts to 
describe shape changes of precipitates. Instead of complicated analysis of concentration gradients and 
diffuse fluxes along the particle-matrix interface, the proposed shape coarsening theory is based on the 
assumption that precipitates tend to minimise the surface energy by 'spheroidisation'. The shape change 
is expressed by the time evolution of eccentricity.  

 In coarsening of needle-shaped particles, the coarsening rate is a function of precipitate 
eccentricity and the eccentricity varies in time. Thus, the cubic coarsening law is not valid and has to 
be reformulated. Numerical calculation shows that coarsening rates of needle-shaped particles are 
significantly larger compared to those of spherical particles and decrease in time as the particle shape 
approaches a sphere. This theory can be extended to disc-shaped particles simply by reformulating 
equation (2) and  (3) and repeating the process of derivation. 
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